SHARP LIPSCHITZ ESTIMATES FOR OPERATOR 0, 
ON A g-CONCAVE CR MANIFOLD 



PETER L. POLYAKOV 
Abstract. We prove that the integral operators R r and H r constructed in ]pj and such that 

/ = d M Rr(f) + Rr + l(d M f) + H r (f), 

for a differential form / G C^j r j (M) on a regular q-concave CR manifold M admit sharp estimates in 
the Lipschitz scale. 



1. Introduction. 

Let M be a CR submanifold in a complex n - dimensional manifold G such that for any 
z £ M there exist a neighborhood V 3 z in G and smooth real valued functions {pk} k = 
1, . . . , m (1 < m < n — 1) on V such that 

Mnv = {z e Gnv ■. pUz) = ■■■ = Pm (z) = 0}, 

(1) 

dpi A • • • A dp m / on M n V. 

In this paper we continue the study of regularity of the operator <9m on a submanifold M 
satisfying special concavity condition. In jP| we proved sharp estimates for solutions of the &m 
equation with an L°° right hand side. Here we push sharp estimates higher on the Lipschitz 
scale. 

Before formulating the main result we will introduce the necessary notations and definitions. 
The CR structure on M is induced from G and is defined by the subbundles 

T"(M) = T"(G)| M n CT(M) and T'(M) = T'(G)| M D CT(M), 

where CT(M) is the complexified tangent bundle of M and the subbundles T"(G) and T'(G) = 
T"(G) of the complexified tangent bundle CT(G) define the complex structure on G. 

We will denote by r c (M) the subbundle T(M) n [T'(M) T"(M)] . If we fix a hermitian 
scalar product on G then we can choose a subbundle N £ T(M) of real dimension m such that 
T C (M) _L N and for a complex subbundle N = CN of CT(M) we have 

CT(M) = T'(M) © T"(M) © N, r'(M) _L N and T"(M) _L N. 

We define the Levi form of M as the hermitian form on T'(M) with values in N 

C z (L(z)) = V=T • ,r ([L,£]) (^) (L(^) € T' Z (M)) , 



where 



LL - LL and vr is the projection of CT(M) along T'(M) © T"(M) onto JV. 
If the functions {/Ofc} are chosen so that the vectors {gr&dpk} are orthonormal then the Levi 
form of M may be defined as 

m 

L Z {M) =-J2 (LzPkiO) ■ grad p k (z), 
k=i 
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where L z p(Q) is the Levi form of the real valued function p G C 4 (D) at the point z: 

Analogously by the Hessian form of M at the point z G M we call the hermitian form on the 
complex tangent space T^(M) of M at z with values in N z , defined by the formula: 

m 

H Z (M) = - £ (H zPk (Q) ■ grad p k (z), 
fc=l 

where TL z p{C,) is the Hessian form of the real valued function p G C 4 (D) at the point z: 

For a pair of vectors = (//i, . . . , and i/ = (u±, . . . , v n ) we will denote (/i, = J^iLi Pi' v i- 
For a unit vector = (#1, . . . m ) G ReN^ we define the Levi form of M at the point z G M 
in the direction 9 as the scalar hermitian form on TJ(M) 

(0, L 2 (M)) = -L zPe (0, 

and the Hessian form of M at the point z G M in the direction 9 as the hermitian form 

(e, n z (M)) = -n zPe (0, 

where MC) = E™=iWO- 

Following |H2| 1 we introduce the notions of q-pseudoconcave and q-concave CR manifolds. 

Namely, we call M q-pseudoconcave (weakly q-pseudoconcave) at z G M in the direction 9 
if the Levi form of M at z in this direction (6, L Z (M)} has at least q negative (q nonpositive) 
eigenvalues on T^(M) and we call M q-concave (weakly q-concave) at z G M in the direction 9 
if the Hessian form of M at z in this direction (9, 7i z (M.)) has at least q negative (q nonpositive) 
eigenvalues on T°(M). 

We call M q-pseudoconcave (weakly q-pseudoconcave) at z G M if it is q-pseudoconcave 
(weakly q-pseudoconcave) in all directions. Analogously, we call M q-concave (weakly q- 
concave) at z G M if it is q-concave (weakly q-concave) in all directions. 

We call a q-concave CR manifold M by a regular q-concave CR manifold (cf. |P|) if for any 
z G M there exist an open neighborhood U 3 z in M and a family E q {9,z) of q-dimensional 
complex linear subspaces in T Z (WL) smoothly depending on (9, z) G § m_1 x U and such that 
the Hessian form (9, H. Z (M.)) is strictly negative on E g (6,z). 

Following |^] we define spaces r p ' a (M) for nonnegative p G Z and < a < 2. Namely, we 
say that function h G T p ' a (Wl) if for any set of tangent vector fields Di, . . . , D p on M such that 

II A||cp+ 2 (M) < 1 

IHIrp.«(M) = \\Di o ... c D p /t|| A | (M) +sup[||Di o ■ • • o £> p /i(x(-))||a Q ([o,i])} < oo, 

where the sup is taken over all curves x : [0, 1] — * M such that 

(i) \x'(t)\,\x"(t)\<l, 

(ii) x'{t) G T C (M). 

For a differential form g = J2j j gi,j(z)dz I A dz J with |/| = k and |J| = r we say that 

3er£,(M) if^,jerP'«(M). 

The following theorem represents the main result of the paper. 
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Theorem 1. Let < a < 1 and let a C°° submanifold M C G of the form (1) be regular 
q- concave with q > 2. Then for any r = 1, . . . , q — 1 there exist linear operators 

R r : I*£ r) (M) - r^CM) and H r : I*£ r) (M) - I*£ } (M) 

swc/i £/tai R r is bounded and H r is compact and such that for any differential form f G C^ > r ^(M) 
£/ie equality: 

f = dMRr{f) + Rr+l(^M/) + H r (/) (2) 

holds. 

The study of the i\i complex on a real submanifold MeC" was initiated by J. J. Kohn and 
H. Rossi in |K|], [KR|. For a closed strongly pseudoconvex hypersurface M G C n J. J. Kohn 



A. Andreotti, C. D. Hill [AnH|, I. Naruki |Na| proved the solvability of the nonhomogeneous 
9m equation: 

for r < n — 1 and any g°' r G Qor) (M) satisfying the solvability condition 

dMg°' r = o. 

A version of the main theorem for q-pseudoconvex hypersurfaces (m = 1) and different spaces 
r a (M) with a > was proved by G. B. Folland and E. M. Stein in (cf. also plj ). 

Generalizing notion of q-concavity to the manifolds of higher codimension I. Naruki in |Na( | us- 
ing Kohn-Hormander's method constructed bounded operators R r : L^ 0r ^(M) — ► L^ r _ 1 ^(M / ) 
for the (0, r) forms with r > n — m — q. 

Then in |H2| and |AH[| with the use of explicit integral formulas bounded operators R r : 
r (o,r-i) ( M ) were constructed on a q-pseudoconcave CR manifold of higher codi- 
mension for the forms of type (0, r) with r < q or r > n — m — q. 

i _ 

Existence of solution / G C(o r _ 1 ^(M) of equation <9m/ = 5 for g G L^j > r - ) (M) for q- 
pseudoconcave CR manifold was obtained by M. Y. Barkatou in [Ba] and existence of solution 



/ G I(o^_i) (M) for g G r^ Q r ^(M) , < /3 < 1 and M - quadratic q-pseudoconcave CR manifold 
was obtained in the paper PGG| by R. Beals, B. Gaveau and RC. Greiner. 

The problem considered here is closely related to the problem of obtaining sharp Lipschitz 
estimates for solutions of 5 equation on complex manifolds with boundary. Paper by Y.-T. Siu 



[ Shi | devoted to this problem has motivated some of the constructions in our paper. 
Author thanks R. Beals and G. Henkin for helpful discussions. 



2. Construction of R r and H r . 

The local versions of operators Rr and H r from the theorem [l] were constructed in jPJ. Before 
describing these local operators we will introduce necessary definitions and notations. 
For a vector- valued function r/ = (771, . . . ,r) n ) we will use the notation: 

n 

<S(V) = A j¥fc drj jt u(rj) = A? =1 c%. 

k=i 

If 77 = 77(C) z, t) is a smooth function of £ G C n ,z G C n and a real parameter t G M p satisfying 
the condition 

n 

^(CM) • (Cfc - Zk) = 1 (3) 

k=l 



4 

then 
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do/ (77) Aw(() A uj(z) = 



or, separating differentials, 

d t uj'{r,) + 5 f 0/(77) + 4w'(r?) = 0. (4) 
Also, if ?7(C, z, t) satisfies (3) then the differential form 0/(77) Aw(C) Au(z) can be represented 

as: 

n-l 

^0/(77) Aw(C) Aw(z), (5) 

r=0 

where 0^ (77) is a differential form of the order r in and respectively of the order n — r — 1 in 
dQ and (it. From (4) and (5) follow equalities: 

dtw'riv) + d{Ur{v) + =° (^ = 1, •••,"), (6) 

and 



^'•(^) = 7 T\TT Det 

(n — r — l)!r! 



r n—r—1' 
77, 4", 



(7) 



where the determinant is calculated by the usual rules but with external products of elements 
and the position of the element in the external product is defined by the number of its column. 
Let U be an open neighborhood in G and U = U D M. We call a vector function 

P(t,z) = (P 1 ((,z),...,P n ((,z)) for ((,z)e(p\u)xU 
by strong M-barrier for U if there exist C, c > such that the inequality: 

m,z)\>C-(p(() + \(-z\ 2 )\ (8) 



holds for ((,z) € (£7 \ f/J x [/, where 

n 

$(c, ^) = <p(c, z)x-z) = Y J ^(c, *) • (c* - 

1=1 

In special strong M-barriers for a q-concave CR submanifold of the form (1) were con- 
structed. Below we describe these barriers. 

According to (1) we may assume that U = U Pi M is a set of common zeros of smooth func- 
tions {pk, k = 1, . . . , to}. Then, using the q-concavity of M and applying Kohn's lemma to 
the set of functions {pt} we can construct a new set of functions pi, . . . , p m of the form: 

~ Pk {z) = p k {z)+A - (f>!(*)J - 

with large enough constant A > and such that for any z E M there exist an open neigh- 
borhood U B z and a family E q+m (9, z) of q + to dimensional complex linear subspaces in 
C n smoothly depending on (9, z) £ S m_1 x U and such that —7i z pe is strictly negative on 
E q+m (9, z) with all negative eigenvalues not exceeding some c < 0. 

To simplify notations we will assume that the functions p\ , . . . , p m already satisfy this con- 
dition. 

Let E^ _ m {9, z) be the family of n — q — to dimensional subspaces in T(G) orthogonal to 
E q+m (9, z) and let 

a,j(Q,z) = (a,ji(0,z), . . .,a jn (9,z)) for j = 1, . . . ,n - q - m 
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be a set of C 2 smooth vector functions representing an orthonormal basis in E^_ q _ m (9, z). 
Denning for (0, z, w) € S" 1 " 1 x U x C n 

n 

Aj(6, z,w) =^2 a ji(. e i z )' w h (j = l,...,n-q-m) 
i=i 

we construct the form 

n— q— m 

A(0,z,w)= Aj(0,z,w) ■ Aj(0,z,w) 

3=1 

such that the hermitian form 

7-t z p e {w) + A(0,z,w) 

is strictly positive definite in w for (9, z) € § m_1 x U. 
Then we define for £, z G U: 

Q?\z) = 

fW(C,z) = {QW(z),C-z), 

m,z)=ET=iQi k \z)-F {k \c, z ) 
+ E"=r m ajMO,*) ■ a~MQ,z> C - *) ■ Am, z,C-z), 

*(C,z) = {P(C,z),t-z) 
= £™=i F (h H(, z) ■ F (k \(, z) + \A 2 (e((), z,C-z) 



(9) 



with 



Ok(0 = - B 4?V forfc = l,...,m. 

p(C) 



From the definitions of Q < f\z), F( s \(, z) and A((, z) follow the equalities that will be used 
in the further estimates 

n 

J2Q\ S \z)d(i = d c F( s \(,z), (10) 
i=i 

B ( (AA J ) = ^\c,z)+^\C,z) (11) 



where 



(C, ^) = A((, z) ■ a ji (0(C),z)dCi+ 



1=1 

n n—q—m 

+A J (C,z)-J2 £ 4fc(C,*)M0(C),*)dCi, 
i=i fe=i 

n 

A#>(C,*) = ^(C,*) • £(0 - ^feWCMH 
1=1 

n n—q—m 

+A j ((,z)-J2((i-Zi) E ^fc(C,^ca fci (e(C),«)+ 
i=i fc=i 

n n—q—m 

+A j ((,z)-J2(Ci-z i ) MC,z)d c a ki (0{O,z), 



i=i fc=i 



6 PETER L. POLYAKOV 

and 



d ( F {s \( : z) = -d ( p s (0 + Xs(C,z), 

(12) 

d z F (s \(,z) = d zPs (z) + Ks ((,z), 



where 

n 

Xs{(, z) = ^(Ci - Zi) ■ Xis((, z) 
1=1 

are differential forms in Q with smooth coefficients and 



K s(C, z) = ^(Ci - Zi) ■ K is {(, Z) 



are differential forms in z with smooth coefficients. 

In our construction of the global integral formula on M we will use local formula from jP|. 
To describe this formula we introduce the following notations. 

We define the tubular neighborhood G e of M in G as follows: 

G e = {z G G : p(z) < e}, 

where p(z) = (EfcLi Pk( z ))^ ■ The boundary of G e - M e is defined by the condition 

M e = {z G G : p{z) = e}. 

For a sufficiently small neighborhood U G G we may assume that functions 

p k ((), ImF«(C,z) {k = l,...,m} 

have a nonzero jacobian in Ref^, . . . , Re£i m , Im^ , . . . , Im£j m for z,( £ U. Therefore, for 
any fixed z G U these functions may be chosen as local C°° coordinates in £. We may also 
complement the functions above by holomorphic functions Wj(() = Uj(C) + i v j{C) with j = 
1, . . . , n — m so that the functions 

p k (0, lmF^(C,z) {k = l,...,m}, 

u j(()i v j(() {j = l,-- - ,n- m}, 

represent a complete system of local coordinates in £ G U for any fixed z £ U. 
The following complex valued vector fields on U for any fixed z G U 

y ^ (z) = 0ImJ)(C,,) fOTZ = 1 '---' m ' 
d d 

for i = 1, . . . , n — m, 



dwi ' dwi 

represent a basis in CT(M) at any z G U. 

We need also to consider local extensions of functions and forms from U = U Pi M to U. 
Defining appropriate functional spaces on these neighborhoods we say that a function h on 
U{e) = G £ n U is in P>> a ({p}, 17(e)) if 



1 j (Er =1 ^) 1/2 <^ 

where 

*7(tfl, ... ,5 m ) = {z G £7 : pi(z) = 5l, . . .,p m (z) = ^m} ■ 
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For a differential form / = J2i j fi,j{ z )dz I A dz J with |/| = / and |J| = r we say that 
/ e rjj) (M, &( e )) if / 7iJ e I*« ({,}, ET( C )) 

We introduce a local extension operator for U(e) and f7 = U(e) Pi M 

which we define by extending all the coefficients of the differential form identically with respect 
to coordinates, complementary to pi, ■ ■ ■ ,p m in U. From the construction it follows that Ejj 
satisfies the following estimate 

\\Eu(g) Il r3 ».«({p},f7(e)) - C ' \\9\\tp-°QJ)- 

The following proposition provides local integral formula for 5m- 

Proposition 2.1. ^ Let M C G be a C°° regular q-concave CR submanifold of the form 
(1) and U an open neighborhood in G with analytic coordinates z\, . . . , z n . 

Then for r = 1, q—1 and any differential form g £ C^ r ^(M) with compact support in U 
the following equality 

g = &MRr(g) + Rr+\{dmg) + H r (g), (13) 

holds, where 

R r (g){z) 

= (-')' W lim/ M _ 5 (C) (£|f ) A U (0, 

5 = Ejj(g) is the extension of g, z) is a /oca/ barrier for U constructed in (9) and pr M 
denotes the operator of projection to the space of tangential differential forms on M. 

Remark. As follows from the definitions above spaces as well as the ex- 

tension operator Ejj depend on the choice of functions pi, . . . , p m . But we notice (cf. 0) that 
the operators R r and H r are independent of the choice of functions pi,...,p m and of extension 
operator Ejj. 

To construct now global formula on M we consider two finite coverings {U L C U' L } of G and 
two partitions of unity {$,,} and {'&[} subordinate to these coverings and such that $[(z) = 1 
for z £ supp(i?J. 

Applying proposition ^l] to the form $ L g in U[ we obtain 

Mz)g(z) = BmRW^iz) + R L r+1 (dMAg)(z) + H^ b g)(z). 
Multiplying the equality above by $[(z) and using equalities 

<(*) • dMK(Ag)(z) = 8 M [<(*) • R L Mg)(z)} - 8 M $[(z) a K(^g)(z) 

and 

R!r +l (8M^g)(z) = R L r+1 (dM$ L Ag)(z) + R L r+1 {$ L d m g){z) 

we obtain 

A{z)g(z) = dM.K(g)(z) + W r+1 (dMg)(z) + W r (g)(z) (14) 

with 

W r (g)(z)=d' h {z)-RW b g){z) 

and 

W r (g)(z) = -8m#[(z) A K(Ag)(z) + K(z) ■ K+i(dM#i A g)(z) + • H L r {$ L g){z). 
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Adding equalities (14) for all i we obtain 

Proposition 2.2. Let M C G be a C°° regular q-concave CR submanifold of the form (1). 
Then for r = 1, q — 1 and any differential form g 6 C^ > r ^(M) the following equality 

g = dMRr(g) + Rr+i(4g) + H r (g), (15) 

holds, where 

i 

and 

Hr(g)(z) = E A K(P*S)(*) + ^r+l(^M^ A 5 )(z) + • fl^X*)] . 

t 

3. BOUNDEDNESS OF R r . 

Prom the construction of operator R r we conclude that in order to prove necessary estimates 
for operator R r it suffices to prove these estimates for operator R r . In the proposition below 
we state necessary estimates for operator Rr. 



Proposition 3.1. Let 0<a<l, McGdea C°° regular q-concave CR submanifold of the 
form (1) and let g £ r^°^(M) be a form with compact support in U = U Pi M. 
Then operator R r , defined in (13) satisfies the following estimate 



Rr{g) || r p,«+i fc n< C- || g ||rf •",([/) 



(16) 



with a constant C independent of g. 



In our proof of proposition |3.1| we will use the approximation of R r by the operators 

(n- 1)! 



Rr(e)(f)(z) 



"l) r -P r M 



(2vn) n 



(17) 



E 



Mono a j r - x ( (i - Or!— ^ + t^SA 

M E x[0,l] V \C~ Z \ 



Aw(C) 



when e goes to 0. 

Using equality (12) we obtain the following representation of kernels of these integrals on 
U x [0, 1] x M : 



MO^'r-l \{l-t)-^^ + t P% > Z) 



Aw(C) 



(18) 



C/x[0,l]xM 



= ^2 a (i,J)(^^ z ) dt A ^r-i(C^) + ^2b {iJ) (t,(,z)dt Aj r '_i((,z), 

i,J i,J 

where i is an index, J = uj^Ji is a multiindex such that i J, auj\(t, £, z) and buj\(t, £, 



are polynomials in t with coefficients that are smooth functions of £, C and #(C)> an d A*'^ 1 (C, z 



and 7*'^ 7 1 (C, 2) are defined as follows: 



1 



E Dct 



|£ _ z |2(| Jxl + IJrl+l) . ^n-|Ji|-|J 7 |-l 

j'eJi jgj 2 jeJ 3 j'g j 4 
C - z, , Qdp, cf~x, AA ■ B ( a, 



(19) 
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je.J 5 jeJ 6 te* j&:h ie / 9 
a~*JI^, a~*JI^, dz , AA ■ d z a, a ■ d z (AA), F ■ d z Q, Q ■ k 



Aw(C), 



and 



7r-l(C,*) 



E Det 



|£ _ z |2(|Ji|+|Jt|+1) . 

j'gJi j e j 2 j 6 j 3 jeJ 4 
( — z, ciiAAi, d( , Qdp, Q ■ x, AA ■ d^a, 



(20) 



jeJ 5 jGJ 6 i eJ7 je L 8 Jg / 9 ^— ^L, ieJn 



Aw(C). 



In the proof of boundedness of operators i? r we will need to know the differentiability prop- 
erties of integrals with kernels \ l ^i(C,z) and 7^ 1 (£, z). In the lemmas below we prepare 
necessary tools for the proof of boundedness of R r . 

At first we consider the differentiability property of slightly different kernels 

r - r ' g / 4 ielo 
fo(C)\ h (C - zV 2 (C - z) h ' — * > 

/C^.(C, z) = \ ( _ z \ d . i {( z)3 Ad f ReFW Ad Pi AdO^C) Ada 2n _ m (C), 

where / = U® =1 Ij and Ij for j = 1,...,6 are multiindices such that I\ contains m indices, 
I2, I3 contain n indices, I 4 U I5 U Iq contains m — 1 indices, | 1 + |Is| + |/6| = m — 1> an d 

{p(c)} h = u ts e h Ps(cy°, (c-^) /2 = n, se / 2 (c s -^) is , (c-^) /3 = rwc s -^) ls - 

For kernels /C^ ■ we introduce also the following notation 



fc(/cy = d-i/ 2 i-i/ 3 i, 

/(/cy = |/i| + |/ 5 |, 

s(*4) = l'4l. 

Lemma 3.2. Let U = UDM. be a neighborhood with $(C,z) constructed in (9), U(e) = Uf]M. t 
and let g((,z,9,t) be a smooth form with compact support in x U z x S n_1 x [0, 1]. 
Then for g((, z, t) = g((, z, 9(C), t) and a vector field 

n 8 n 8 

D = E % (*)^ + E bj(z) w € CT(M) 
j=i J j=i 3 



the following equality holds 



Oil g(C,z,t)-IC I dJ (C,z)dt 

IU(e)x[0,l] , 



f [Dg(C,z,t)]-]C I d:j (C,z)dt (21) 



--/ [D ( g(C,z,t)}-)C dJ (C,z)dt+Y^ , 

'U(e)x[0,l] S^ b J U(e)x[0,l] 



U(e)x[0,l] 

C{S,a,b}(C, z, t) ■ g(C, z, t) ■ /Cf )6 (C, z)dt 



"EE / c {m (C,z,t) • [y fc)C (z)<,(c,*,t)] ■JC S d, j (C,z)dt 

k=l S J U(e)x[0,l] 
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where 
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g{(,z,t) = g(£,z,0(O,t), 
C{s,a,b}{(,z,t),C{ ijS }{(,z,t) are C°° functions of (, z, 9 (Q,t, 



vector field Dr defined as 



n d n d 



j'=i 



and indices a, b and multiindices S satisfy the following conditions 



k f/Cf b ) + h (K 



J a,b 



< k (kQ + h (kQ - 1 (kQ - s (*£,. 

< * (/Ci,-) + 2h (JCQ - 21 (*£,-) - 2s (ICQ . 



(22) 



Proof. 

To prove the lemma we represent integral from the left hand side of (21) as 



D 



f g((,z,t).ICl 3 ((,z)dt) = f [Dg(C,z,t)]-}C I d:j (C,z)dt (23) 

JU(e)x[0,i\ I Ju(e)x\0,l] 



U(e)x[0,l] 



■ / g((,z,t) Id^JCz)} dt+ [ g((,z,t) \(D + £> c ) /C^(C, 

JU(e)x[0,l] 1 J JC/(e) X [0,1] L 



dt. 



To transform the second term of the right hand side of (23) we apply integration by parts 
and obtain 



[/(e) x 



g((,z,t) iD^iCz)} dt = - [ [D c g((,z,t)}lC dJ ((,z)dt. 

[0,1] J Ju(e)x[0,l] 



To transform the third term of the right hand side of (23) we will use the estimates below 
that follow from the definitions of F^^, z) and A(C, z) and from the fact that D G CT(M) 

(D + D c )A 2 ((,z) = 0(A 2 ((,z)), 



(D + D ( )ReF( k \(,z) = 0(\(-z\ 2 ) 

(D + D ( )ImF( k \(,z)=0(\(-z\) 
Applying the operators D and Dq to K. d j((,, z) we obtain 

(D + D c ))C dJ ((,z) 



(24) 



(25) 



MC)} 7l (C-*) f2 (C-*) f3 

\c-z\ d -$((,zy+ 1 



( 



V 



ieh 



(D + D c ) A 2 d ( ReF^ A dO^Q Ada 2n - m (C) 



ieh 



ieh 



+ 2ReF^ ■ [(D + D ( ) ReF^] d c ReF^ A c^(C) Adcr 2n _ m (C) 
k=l 



ieh 



ieh 



2ImF (fe) • \(D + D c ) ImF^ k) ] d c ReF w A dOi{Q Ada 2n -m(0 



k=i 
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From estimates (24) we conclude that the first two terms of the right hand side of (25) can 
be represented as linear combinations with C°° (U c xU z x S™- 1 x [0, 1]) coefficients of kernels 
K-dj+i w ith either 

|5 2 | + |5 3 | = |/2| + |/3|+4 

or 

1 51 1 = + 1 and \S 2 \ + \S 3 \ = \I 2 \ + \h\ + 2. 

To handle the last term of the right hand side of (25) we use the third estimate from (24) 
and represent corresponding integrals as 

M0} h (C-z)HC-z) l3 2ImFW 
W)x[o,i] V J> |C-z| d -*(C^) J ' +1 1 ' 

x [(£> + £> c ) ImF (A;) ] d f ReF« Ad^(C) Ada 2n - m {Qdt 
2^ / c { s}{(,z,t) ■ g{(,z,t) - d 

{|5 2 | + |53| = |/ 2 | + |/ 3 |+l}' yi/(£)x[0 ' 11 K ~ Zl 

xd ( (f(^y)' ^ReF« Ad^(0 A (d^mF^ V da 2n . m {Q) dt 

\ ' / c, s ,(c.M)-,(c.M) MC)} "V z C tf ' s)& 

»S»?^^»3«« (^> v 4^,(0) * 

Kernels of the second term of the right hand side of (26) may be represented as linear 
combinations with C°° (Jj^ x U z x S n_1 x [0, 1]) coefficients of kernels /Cf J+1 with either 

|5 2 | + |5 3 | = |/ 2 | + |/ 3 |+4 

or 

|Si| = |Ji| + l and \S 2 \ + \S z \ = \I 2 \ + \h\+2. 
The first term of the right hand side of (26) we transform applying integration by parts 

/ <wK ,,,o.,(c,,,o t*»vC K ~~^ ^ 

JU(e)x[0,l] \(-z\ d 



:dc {$(rzj) J d C ReFW A ^(0 A (^C Im ^ (fc) V da 2n - m (()) dt 

M0} h (t-z) S2 (t-z) S3 

• li.S) -■ < . 

'U(e) X [0,1] 



f r U 9 rt {P(0} fl (C-^(C- 

i!/( e )x[o,i] IC - A ■ ${C,zy 



x [Y kjC (z)g((, z, t)\ d ( ReF^ A dO^Q Ada 2n „ m (()dt 
+ E / c {5} (C,^0-5(C,^i)/Cf +lj (C,^^- 



{d+l-|52|-|5 3 |=d-|/ 2 |-|/3|} 



From (25), (26) and (27) follows statement of the lemma for the third term of the right hand 
side of (23). □ 
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In the next two lemmas we prove transformation and differentiation formulas for the kernels 

BTj((,z)={lmF((,z)} T .JC I d ^(,z), 

and 

B^(C, z) = {ImF(C, z)} T • 4 (C, z) • log <&(C z), 

where {Im.F(C, z)} T = Ut s eT (lmF( s )(C, z))* S for a multiindex T = (ti, . . . ,t m ). 
Generalizing corresponding notations for JC d ■ we denote 

k (b^ 1 ) = d - \I 2 \ - \I 3 \, 

h(BSf) = 2j-\n 
i{*Sf) = \ii\ + \h\, 

.(*S0 = w- 



Lemma 3.3. Let U = U l~l M &e a neighborhood of zq G M mi/i 2) constructed in (9), 
{7(e) = £/ n M e; g((,z,9,t) be a smooth form with compact support and let T be a multiindex 
such that tk is a first nonzero index in T. 

Then the following equality holds for z, t) = g((, z, 6((),t) and j > 

/ g((:,z,t)-B;j(C,z)dt (28) 

Me)* [0,1] 

= c- / [%(%(C^,t)]-^-i(C,^ 

JU(e) x [0,1] 

+ c {LtS ,a,b}(C,z,t) ■ g((,z,t)-Baf((,z)dt, 

{L,S,aM JU{eM °' 1] 

where f = (h, ■ ■ ■ ,t k - 1, ■ ■ ■ , t m ), c is a constant, c {L)S , a ,b}((, z, t) = c {L)S , a ,b}{(, z, 0(C), t) with 

c { L,s,a,b}(C,z,e,t) s c°° (u c xu z x s™- 1 X [0,1]) 

and indices a, b and multiindices L, S are such that 

m<\n 

< k (B T d j) + h (B T d j) - I (B T d j) - s (B T d j) , (29) 
k «f ) + 2h (B L J) - 21 (B L J) - 2s (B L J) 
<k(^ + 2h(B^-2l(BZ)-2s(BZ). 
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S 

For j = 1 and \T\ = 1 stronger inequalities hold for the terms B a ' of the right hand side of 
(28) 

K<o)-K<o)-K<o) + 1 

v v v / v / v / (3Q) 
k(B%)-2l(B%)-2s(B%) + 2 



< 



k + 2fc - 2/ (B%{) - 2s (B T d: () . 



Proof. 

The integral in the left hand side of (28) may be represented as a sum of two integrals 

/ g((, z, t) ■ {ImF(C, z)} T IC I dJ (C, z)dt (31) 

Ju(e)x[0,l] 

= > / rf f ,,, () ^ { ,, )} *0«-.)*(?-.)* 

2 j - 1 if/(e x 0,1 



2(j - 1) Vt/( £ )x[o,i] " ic-*r 

i _!3i_ ieis 

xd c (f^y)' d ( ReF^ Ade^)A (d^mF^ V d<7 2n _ m (C)) (ft 

-/ 9(c , M)amF(c , 2)} tO«=^K^ 

x ££l ReF<^) + |^ ~ A ^ A (d(imF(l) v ^ 

As follows from (24) the second integral admits necessary representation with indices a, b 
and multiindices L,S satisfying conditions (29). To transform the first integral from the right 
hand side of (31) we apply integration by parts and obtain 

1 ' ^,„ t ) M C,.»' W01 ' ({ -' Wf - ,)t 



2(j - 1) M«>*M IC-^I" 
xd c (j^y d c ReF^ Ad(h(() A (d c ImF^ V da 2n - m (()) dt 



1 



i[/ex0.1 



2(J - 1) 

+ E / c { L}(C,M) ■ <?(C,M) • {ImFlCz)}^.!^^)* 

rin 1^1 01 J(7(e)xf0,ll 



'E/(e)x[0,l] 

1 

'f/(6)x[0,l] 

+ E / C {^}(C> ^> • <KC, *, t){ImF(C, z)} f /Cf +2 .^(C, 

{|S 3 | + |S 4 | = |/ 2 | + |/3|+1} f/(e)x[ °' 11 

with kernels satisfying (29). EH 



{\L\ = \T\-2}' 
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Lemma 3.4. Let U = U H M be a neighborhood of zq £ M with <!>(£, z) constructed in (9), 
U(e) = U n M e , and Zet g(£, z, 9, t) be a smooth form with compact support in xU z x §™ _1 x 
[0,1]- 

Then for g((, z, t) = g(£, z, 9((),t) and a vector field 



11 f) n ft 



3=1 



■3 j=1 



i/ie following equality holds 



D [ g(C, z, t) ■ B%((, z)dt = ( Dg(C, z, t) ■ B 9 / ((, z)dt 



U(e)x[0,l) 



(32) 



+ 



/ [D c g(C, z, t)} ■ S5'J(C, z)dt + £ / c iS,a}(<> z > *MC, <) • *£l(C, 



{S,a} 



t/(6)x[0,l] 



+ EE 



c {s} ((, z, t) [Y u (z)g((, z, t)\ ■ B^((, z)dt 



k=1{s} JU(e)x[0,l] 

with a and S satisfying (22). 



Proof. 

Proof of the lemma is analogous to the proof of lemma |3.2| , 
We represent the integral from the left hand side of (32) as 



D 



[ g((, z, t) ■ B%(C, z)dt) = f [Dg(C, z, t)] • B%((, z)dt (33) 



J7(e)x[0,l] 



g((,z,t) D c B%(C,z 



U(e)x[0,l] 



dt 



g((,z,t) (D + D c )B%((,z) 



U(e)x[0,l] 



dt. 



To transform the second term of the right hand side of (33) we apply integration by parts 
and obtain 



[7(e) X [0,1 



g(C,z,t) \D c B%{C,z) 



dt 



[/(e) x [0,1 



[D c g((,z,t)]B%((,z)dt. 



To transform the third term of the right hand side of (33) we use estimates (24) and obtain 



(D + D <: )B%(C,z)= £ c {SM ((,z,t)-)C s ail ((,z) 



(34) 



□ 



{S,a} 

^ {p(c)} h (c-zyHc-z) h 

ti \C-z\ d -HCz) 

x2ImF (fc) • \(D + D c ) lmF {k) ] d ( ReF {i) Adfl;(C) Ad<T 2n -m((). 
Again using estimates (24) and applying integration by parts as in lemma ^2| we obtain (32). 



The following two simple lemmas (cf. [|P|]) will be used in the further estimates. 
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Lemma 3.5. Let M be a generic CR submanifold in the unit ball B n in C n of the form: 

M = {z eB n : Pl (z) = ■■■ = p m (z) = 0}, 

where {pt}, k = 1, . . . , m (m < n) are real valued functions of the class C°° satisfying 

dpi A • • • A dp m / onM. 

Then for any point £o £ M there exists a neighborhood V e (£o) = {C : IC ~~ Col < e } such that 
for any n > s > n — m and p > 2n — s — m the following representation holds in V e : 

d( h A . . . d( ip A d( kl A . . . dCt 3 = E d Ph A • • • dp jp _ (2n _ s _ m) A g j" j_ (2n _ s _ m) (C) (35) 



Lemma 3.6. Lei 

B(l) = {(p, n, t»)£l s xrx C n " m : ]T fit + E ^ + E < 1}, 



m n—m 



i=l i=l 

s m. 



i=l 
n—m 



V(5) = {(p, V , w)€R s xR m x C n ~ m :Elftl + El^l+ E W* < 

i=i i=i «=i 

if {a, t, „, S} ,,„,«)- (e + a . lW+ jJ N+2K . W) » 

Af =1 dpi AgLi d?7i A^ =1 m (dwj A dwj) 



+ E?=i VlPil + Ei=i Vh\ + E?=r k 

wii/i < a < 1 and k,h,s £ Z. 
Lei 

Zi {a, fc, /i, s} (e, (5) = / if {a, fc, /i, s} (n, e) 



and 



Then 



= < 



/V(<5) 

X2 {a, fe, ^, (e, 5) = / if {a, k, h, s} (77, e). 

iB(l)\V(5) 

Jl {0,fc,M} (€,(5) 

( e 2n-m-fc-M- S • (log e) 2 ) i/fc>2n-2man(IH/i-s>2n-m, 
((5) ifk>2n — 2m and k + h — s <2n — m — 1, 

c ^ e (2n-fc-2(h-«))/2 . log ^ ifk<2n-2m-landk + 2(h - s) > 2n, 

ifk<2n-2m-landk + 2(h - s) < 2n - 1, 

{a, fc, /i, s} (e, 5) 

if k >2n — 2m and k + h — s < 2n — m — 1 
if k < 2n — 2m — 1 ana 1 A; + 2(/i — s) < 2n, 



= (<5 Q ) if a>0, and 



O (V -1 ) if a>0, and 



J 2 {a, fc, fr, (e, 6") 
if k >2n — 2m and k + h — s <2n — m 
if k < 2n - 2m - 1 and k + 2(h - s) < 2n + 1, 



and 



J 2 fc, h, s} (e, 5) 
/ ra-2\ ■ <■ n 1 ( if k >2n — 2m and k + h — s < 2n — m 
U V ) l/a> °' and \ ifk<2n-2m-l andk + 2{h-s)<2n + 2. 
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□ 

Proof of proposition |3.1|. 



According to (17) in order to prove statement of the proposition it suffices to prove the 
estimates 

II Jt/(6)x[o,i] a M)0> C, z)dt A g(() A Aj,*i(C, «)||rp.a+i(E0 < C • ||s||rw(t/), 

(36) 

II J*£/(e)x[0,l] 

b {iiJ) (t,(,z)dtAg(() A7^(C, 

with constant C independent of 5 and e. 
Using the estimates 

\AA-d c a\ = 0{\Q-z\3), \n v \ =0(|C-z| 3 ), |/ir| = 0(|C - z| 2 ), 
• B z a\ = C(|C - z| 3 ), |a • 4(A4)| = 0(|C - ^l 2 ), 

|k(c,z)| = 0(|C-*|), | x (c,*)|=0(|C-*l), (3?) 

F( fc )(C, 2) = i (p fc (*) - p fc (0) + 0(|C - ^l 2 ) + >/=TlniF(*)(C, 2) 

for the terms of the determinants in (19) and (20) and applying lemma |3^ to the differential 
form 

^ |Js| [Jel 
dC A^ N A'7v N Aa;(C) 

we obtain representations 

0(t,j)(*, C, A 5(C) A AjfijXC, z) 
E C {W}(C *, i)ff(C){ImF(C, z)} T /C^/' 5 ' T ' £) (C, z), (38) 

|T|+|-B|<|Jio|+l 

and 

6 M) (t,C,^A5(C)A 7 ri(C^) 
- E C{iAj}(C z, t)5(C){ImF(C, z)} T ACj/' S ' T ' £) (C, *). (39) 

m+i£i<iJioi 

Multiindices T and E in (38) are obtained from the decomposition 

{F(c,^)} {JloU} 

E HT,E,G, H} ((, z){lmF(C, z)} T {p(()} E (( - zf(C - z) H 

|T|+|B| + i(|G|+|ff|)=|J 10 |+l 

and multiindices Ii for i = 1, . . . , 6 and indices d, j in (38) satisfy the conditions below 
d = 2(|Ji| + |J 7 | + l), 
j = n-\J 1 \-\J 7 \-l, 

|i"l| = |^|, 

|/ 2 | + \h\ = 1 + I Ja\ + 3| J 4 | + 3| J 5 \ + 2| J 6 | + 3| J 8 | + 2| J 9 | + | J n | (40) 

+2(|j 10 | + i-|r|-|i7|), 
141 = 0, 

|/ 5 | = \Ji\ + \J 2 \ + \J 3 \ + \M + r + m - n. 
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Multiindices T and E in (39) are obtained from the decomposition 

{F(C,z)} {Jl0} 

E c {TtEtGtH} ((, z){lmF(C, z)} T {p(()} E (C - zf(C - z) H 

\T\ + \E\+±(\G\ + \H\)=\J W \ 

and multiindices Ii for i = 1, . . . ,6 and indices d,j in (39) satisfy the conditions 
d = 2(|Ji| + |J 7 | + l), 
j = n- |Ji| - \ J 7 \ - 1, 
\h\ = \E\, 

\h\ + \h\ =4 + |J 3 | +3|J 4 |+3|J 5 | +2|J 6 | +3|J 8 | +2|J 9 | + | Jul (41) 
+2(|Ji |-|T|-|£|), 
\h\ = 0, 

1-^5 1 = \ Ji\ + I J2I + I J3I + I J&\ + T + m - n. 
Using representations (38) and (39) we reduce the problem of proving (36) to each term 

of the right hand side of these representations. 

We further reduce the problem using transformation from lemma ^3 to obtain a representa- 
tion 



/ g(C)^j(Cz)dt (42) 

JU(e)x[0,l] J 

EE/ c {HM} (C,z,t) [{Y c (z)} H g(0} BH H) ' M ((,z)dt, 



i=0 \H\=i 



where 



{Y&z)} H g{Q := Y hU {z) o • • • o Y hpX (z)g(0, 
C{H,M}{Q,z,t) = C{ HtM y(C,z,0((),t) with 

c {H ,M}(<;,z,0,t) E C°° (U C xU z x S"- 1 x [0,1]) 

and indices a, b and multiindices H, P(H),M are such that 
P{H) = if \H\ <p, 

t «<»>•") + h - 1 «<»>•") - . 

< * (Bj/) + ft «/) - ( «/) - . «•') - (43) 



< k (B%) + 2h (B%) - 21 (B£') - 2s (Blj) -mi 



P(H),M 
b 



To obtain such a representation we repeatedly apply transformation from lemma 3.3 to a 
selected term of the right hand side of (38) or (39) and all the resulting terms until either 
P = or \H\ = p. The procedure will stop in at most \J\o \ + 1 steps for A*'^ and | Jio| steps for 

ll'-l because \P\ < \Jio\ + 1 for A*'_i and \P\ < \Jio\ for 7*'^ and on every step |P| decreases 
at least by one. Also, inequality \T\ < j is satisfied for the kernels of terms of representations 
(38) and (39) and is preserved under transformation from lemma |3.3| , therefore the kernels of 
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terms in the right hand side of representation (42) with P = will be fc,ff b or B®'^f . 

Conditions (43) will be satisfied because according to lemma 3^ after every application 
of Yi^(z) to g(C) numbers b and \P\ decrease by one with all other multiindices unchanged, 

therefore decreasing h \ J by one. 

For each term of representation (42) with \ H\ = i we repeatedly apply lemma 3.2 or lemma 3.4 
p — i times to obtain the following representation 



D\ o ■ ■ ■ o Dp-i 



U(e)x[0,l] 



{Y c (z)} H g(0 



B 



P(H),M 
a,b 



(C, z)dt 



(44) 



EE 



r=i T,, 



c {T)J} (C, z, t) [{Y c (z),D c } r g(C)] B T d j ((, z)dt, 



1JU(e)x[0,l] 



where {Y^(z), D^} r denotes a composition of differentiations Yj^(z) and applied r times and 
indices d, j and multiindices T, I of representation (44) satisfy 



<k B 



i a,b 



',M 



(45) 



+ h(B^)-l(B^)-s(B^ 
k^j) + 2 h ^j)-2l{^j)-2s{^j) 
< k «f ) + 2h «f ) - 21 «f ) - 2s «f ) - 2, 

Di to each term of the representation (44) with r < p 



Finally, we apply operator D\ o • • • o 
by differentiating the kernel and obtain 



D\ o • • • o Di 



[{Y c (z),D c Yg(C)]B T d :UC,z)dt 



U(e)x[Q,l] 



(46) 



EE 



(47) 



_ _ , c {PM} (C,z,t)[{Y c (z),D < Yg(C)}B^ b M (C,z)dt 1 

r<pP,M JU ^)*^ 

with indices a, b and multiindices P, M satisfying 

s * (s£0 + " «;') - 1 ( 8 £0 - s K/) ■ 

* «f ) + 2A «f ) - 21 «>' ) - 2, «f ) 

Conditions (47) are satisfied because after each application of Di to B d '- (C, z) either k [B^- ) 

increases by one or h [B'd'jj increases by one or h (B^'Jj increases by two and k (b^'^ decreases 
by three. 

From (42), (44) and (46) we conclude that in order to prove the statement of the proposition 
it suffices to prove that 



c((,z,t) [{Y < (z),D ( rg(C)]B^ b M (C,z)dt 



U(e)x[0,l] 



< C • ||s||rp>«([/) 



(48) 
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for the kernel B^' b M obtained from A*'^ after described above application of lemmas 3.2, 
and |3^. 

We will prove (48) as a corollary of the lemma below. 

Lemma 3.7. Let < a < 1, g G T a ({p}, U(eo)^j be a function with compact support and let 
indices a, b and multiindices P, M satisfy conditions 



* (<f ) + h «f ) - I «f ) - s «f ) < 2n - m - 2, 
k «f ) + 2h «f ) - 21 «f ) - 2, «f ) < 2n - 1 



(49) 



/or b > 1 and 

* (<o M ) " I (fiSO " - « M ) < 2n - m - 3 (50) 

/or \P\ =0 andb = 0. 
Then 

fe(z) := ( f c(C,z,t) 9 (0B^ b M (Cz)dt) G r« +1 (C/) 

V^(e)x[0,l] ' / 

/or e < eo and 

||/e||r«+l(!7) - C ■ \\g\\v<*(u) 

with C independent of g and e. 
Proof. 

At first we will prove the inclusion f e G A^~(U). For a fixed point w £ U and arbitrary 
z G f7 we denote <5 = |z — u>| and c = 1 + maxjj j2g [/ (^)|| and introduce the following 

neighborhood 

{ •mm ~\ 
( eU :\(-w\ 2 + Y1 KOI + E |lmF (i) (C, < 4cn 2 <5 1 , 
i=l i=l J 

containing z and u; and such that the estimates 

|*(C,iiO|,|*(C,*)| >c-5 2 

hold for £ ^ ^(i^j z) with constant C > independent of 5 for <5 small enough. 
Denoting V(e) = V(w,z) n J7(e) we represent / e (^) as follows 

f e (z)=g(w) - [ c((,z,t)B? b M ((,z)dt (51) 



f (g(0-9(w))c(C,z,t)B^ b M (C,z)dt 

Me X 0,1 



+ 

'V(e)x[0,l] 

+ / (g(0-9(w))c(C,z,t)B^ b M (C,z)dt. 

J(U(e)\V(e))x[0,l] 

Applying lemmas |3.2| , |3.3| and |3.4| as earlier in the proof of proposition [O] to the first term 
of the right hand side of (51) we obtain 

D[g(w) [ c(Cz,t)-B^ b M (C,z)dt) 

= g(w) ■ / c {T,/,dj}(C, z, t) • sT'/CC, z)dt 

with c {TJAj} (C,z,t) = c {TJAj} ((,z,6((),t) and 

c {T ,iAj}(C,z,9,t) G C°° (U ( xU z x S"" 1 x [0,1]) 



20 



PETER L. POLYAKOV 



and indices d, j and multiindices T, Ii, I 2 , 13 satisfying (49). Then applying formula 



dpi 



U(e) 



edO; 



and lemma 3.6 we obtain 

g(w) ■ D 
( 

= ll9lU°(f7) ' 

V 



c((,z,t)B P f(C,z)dt 

ir(e)x[0,l] ' , 

s(B) m-l-s(B) \ 

Ad ( ReF Aid8i(() Ada 2n - m (Q 

U(e)x[0,l] |C -^(C^l^ 5 ^ 

J 



= \\g\\ A o {u) ■ O (Ji {0, k(B), h(B) - 1(B), s(B)} (e, 1)) = \\g\\ A o {u) ■ 0(1), 

which shows that the first term of the right hand side of (51) is in A 1 (C7). 
For the second term of the right hand side of (51) we have 



/ (g(0-g(w))c((,z,t)B P f((,z)dt 

JV(e)x[0,l] 



\S\\r a (u) 



s(B) m-l-s(B) \ 

Ad c ReF Aid9i(() Ada 2n -m(C) 



V(e)x[0,l] \(- Z \HB) , |$(^ z )| " (B y (B) 



J 



= \\g\\r<*(u) -^-O (Ji {0, k(B), h(B) - 1(B), s(B)} (e, Vs)) = \\g\\ T «(u) • O (s~ 
where we used lemma [O] and the estimate 

\g(()-g(™)\ = \\g\\r<*(u) -o(tf') 

for C G V(w, z). 

For the third term of the right hand side of (51) we have 



(g(()-g(w))c((,z,t)B P f((,z)dt 



(U(e)\V(e))x[0,l 



(U(e)\V(e))x[0,l 



(g(C)-g(w))c((,w,t)B p ' b M ((,w)dt 



< 



(U(e)\V(e))x[0,l] 



(g(C) - gW) c(C, z, t) \B p a f(C, z) - B p f((, w) 



dt 



+ 



(g(C) - g(w)) [c(C, z, t) - c(C.w)} B P f (C, w)dt 



(U(e)\V(e))x[0,l] 



\9\\r a (u) 



■6-0 



1 2 {a, k(B) + 1, h(B) - 1(B), s(B)} (e, VT) 



+ 



1 2 {a, k(B), h(B) - 1(B) + 1, 8(B)} (e, Vt) 



~J 2 {a, k(B), h(B) - 1(B), s(B)} (e, Vs 



- \\g\\r a (u) " 

where we again used lemma |3.6| , 

Representation (51) together with the estimates above show that 

||/ 6 |l A ajl (c0 < C" \\g\\r«(U) 



/ a + l \ 

o (5—) , 
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uniformly with respect to e. 

To complete the proof of the lemma we have to prove that 

II-^ c / £ IIa«(c/) — C' ||5||r«(co 
where differentiation D c G T C (M) 2 and 

IHIa«([/) = su p{|M^(-))Ia«([o,i])} 
with the sup taken over all curves x : [0, 1] — ► M such that 

(i) |x'(t)|,|x"(t)|<l, 

(^) x'(t) g r c (M). 

To prove this estimate we use the following representation 



D c f e (z)=g(z)-D c H 



17(e) X [0,1] 



c{<i,z,t)Blf{^z)dt 



(52) 



+ 



/£/(e)x[0,l] L J / 

Applying as for the first term of (51) lemmas |3,3| , |3,2| and |3.4| and using lemma |3.6| we 
conclude that 

D c ( I c(C,z,t)B^ b M (C,z)dt)eA\U) 

\Me)x[0,l] ' / 

and therefore the first term of the right hand side of (52) is in A a (U). 

To estimate the second term of the right hand side of (52) we consider z,w £ U and introduce 
the neighborhoods 

( mm ~\ 

W(w,z) = I C € U : |C- w\ 2 +J2\Pi(0\ +Y1 | Im ^ (i) (C,^) < 4cn 2 <5 2 \ , 



dt 



i=i 



W'(w, z) = U G U : |C - w\ 2 + \Pi(0\ + Yl | Imi?W (C, w)\ < 16cn 2 5 2 I , 
I i=l i=l J 

W(e) = n 17(e), 

W*(e) = r(w,z)n[/(£) 

and a function ^(C) G C°°(U) such that < 0(C) < 1, = 1 onW(w,z), = on U\W'{w,z), 
|grad0(C)| < 2/5 2 and |grad c 0(C)| < 2/5. 

Then we consider the following representation of the second term of the right hand side of 
(52) 

(53) 



(g(C) - g(z)) D c c(C,z,t)B^ b M (C,z) 



17(e) x [0,1 



dt 



(g(()-g(w))D c c((, W ,t)B P f(C,w 



U(e)x[0,l) 



dt 



(g(C)-g(z))HC)D c c(C,z,t)B^ b M (C,z 



C/(e)x[0,l] 



(5(0 - 9(w)) HC)D C c(C, w, t)B P a f (C, w) 



+ 



(7(e) X [0,1 



U(e)x[0,l] 



dt 
dt 



(g(C) - g(z)) (1 - 0(C)) D c c(C, *, t)<' fe M (C, *) 



(5(0 - 5W) (1 - 0(0) ^ c(C, ui, t)B P a f (C, w 



dt. 
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To estimate integrals on the right hand side of (53) we use the estimate 



D c 



F (*)( C) 



o(\C-z\) 



for k = 1, . . . , m and obtain a representation 



D c 



(54) 
(55) 



c((,z,t)B a y (C,z)\ = c {T,i,d,j}(C,z,t) ■ B d \j (C,z) 

T,I,d,j 

with c {TJAj} ((,z,t) = c {TJAj} {(,z,6((),t) and 

c { T,i,d,3}(C,z,9,t) G C°° (U C xU z x S"- 1 x [0,1]) , 
and indices and multiindices in the right hand side of (55) satisfying 

* K 1 ) + h «/) - I «/) - - «/) < 2n - m - 1, 

* «/) + 2h ( B Ij) - 21 (B5f) ~ 2s { B dj) < 2n - 

Then for the first two integrals of the right hand side of (53) using representation (55) with 
conditions (56) and lemma we obtain 



(56) 



(g(0-g{z))m<C,z,t)B T /AQ,z)dt 



17(e) X [0,1] 



o 



(g(C)-g(z))c(C,z,t)B^j(C,z)dt 



\9\\r a (U) 



W'(e)x[0,l] 

/ s(S) m-l-s(B) \ 

Ad ( ReF Aid0i{() Ada 2n -m{() 



O 



V 



W(e) iC-^.^^l^l^-f 



/ 



= \\g\\ ra{u) ■ O (lx {a, k(B), h(B) - 1(B), s(B)} (e, 5)) = \\g\\ r «(u) • O (5° 
To estimate the third integral of the right hand side of (53) we represent it as 



(5(0 - g(z)) (1 - 0(C)) D c c(C, z, t)B P f((, z) 



17(e)* [0,1] 



[7(e) x [0,1 



dt 



(57) 



( 5 (C) - sM) (1 - HO) D c c(C, w, t)B P f (C, «;) 



eft 



't/(e)x[0,l 
x(iT [c(C,*,t)<f(C,* 
+ [ 3 (w) - g(z)} ■ 



0,(0 - <?(*)) (i - 0(0) 



c (C,™,i)<f (C,™) 



(i-0(O)^ c lc(C,^t)<f(C,^)l 

To estimate the first integral of the right hand side of (57) we use representation (55) with 
kernels satisfying (56) and estimate 



dt. 



(C, z) - (C, w) j = O (S ■ |C - z\ + 5 2 ) 



(58) 



for k = 1, . . . , m and ( <E U\ W(e) 
Then we obtain 



x ID 



U(e)x[0,l] 

c((,z,t)B P f(t,z) 



(g(Q-g(z))(l-iKQ) 



D c 



c((,w,t)B P f((,w) 



dt 
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= \\9\\r°V) '[S-O (1 2 {a, k(B), h(B) - 1(B), s(B)} (e, 5)) 
+5 ■ (I 2 {a, k(B) + 1, h(B) - 1(B), s(B)} (e, 5)) 
+5 ■ (J 2 {a, k(B) - 1, h(B) - 1(B) + 1, s(B)} (e, 5)) 

+5 2 ■ (1 2 {a, k(B), h(B) - 1(B) + 1, s(B)} (e, 5))] = \\g\\ ra{u) ■ O (5 a ) . 

To obtain necessary estimate for the second integral of the right hand side of (57) it suffices 
to prove the following estimate 



(l-<t>(t))D c c(C,w,t)B^ b M (C,w 



U(e)x[0,l] 



(It 



0(1). 



(59) 



To obtain this estimate for kernels B with |P| = and b > 1 (i.e. for K,^f b ) we use 

i-4>(C))c(C,w,t)ic^ b (C,w)dt 



representation from lemma 3.2 

D c 



U(e)x[0,l] 



(60) 



;i-0(O) [D c c(c, w ,t)]-)ct{(c,w)dt 



U(e)x[0,l] 



+ E 



+ 



17(e) * [0,1] 



c {SAj} ((,w,t) • (1 - 0(C)) -K^iC^dt 



D c c (l - 0(C)) ■ c((,w,t)lCM b ((,w)dt 



+ EE 

k=l L 



[Y k>c (w) (1 - 4>(C))} ■ c {ktL} ((, w, t) ■ /c£ 6 (C, w)dt 

IU(e)x[0,l] 

with indices of the kernels of all the terms except the last term satisfying (49). For the kernels 
of the last term of the right hand side of (60) according to (26) and (27) we have 



(61) 



For the first two terms of the right hand side of (60) we obtain estimate (59) using lemma | 
and conditions (49). For the third term of the right hand side of (60) we obtain the following 
estimate 



JU(e)x\0,l] 



/17(e) x [0,1 

= 5~ L ■ O (Ji {0, k(JC), h(K) - l(K),8(JC)} (e, 5)) = 0(1), 

where we used properties of the function <p. 

We obtain the same estimate for the integrals of the fourth term of the right hand side of 
(60) if we use the inequality 

|C- w\ = 0(5) for C 6 W'(w,z), 

property (61) and the estimate |grad0(C)| < 2/5 2 . 

Proof of the same estimates for kernels is analogous to the proof for KJ^ h but uses 

condition (50) instead of conditions (49). 

P M 1 1 

For a general kernel B a ' b with \P\ / Owe use representation from lemma 3.3 and obtain 



D' 



[l-<t>(0)c((,w,t)-B?f((,w)dt 



U(e)x[0,l] 



(62) 



[Y k , c (z) (1 - 0(C))] • D c ciCw^B^Cw) 



U(e)x[0,l] 



dt 
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+ E W (i-0(c))c {Wj} (c,^i)-<f(c,^)^, 

ct ^ , -i JU(e)x[0,l] 



{L,S,d,j} 



L S 

with \T\ = \P\ — 1, indices of the kernels B d '- satisfying (49) and \L\ < \P\. Therefore the 
problem of estimating integral in (59) will be reduced to estimating the same integral for a 
kernel with smaller \P\ if we prove estimate (59) for the second term of the right hand side of 
(62). We obtain this estimate analogously to the estimate of the fourth term of the right hand 
side of (60) with the use of estimate (54). EH 

In order to prove applicability of lemma |3.7| to the kernels obtained from A*'^ and 7*'_i after 
applications of lemmas |3.2|, and 3.4 we have to prove relations (49) and (50) for these kernels. 



But according to lemmas 3.2, 3.2 and 3.4 expressions in the left hand sides of these relations 



don't increase under transformations from these lemmas. Also, as follows from lemma 3.3, 
relation (50) for kernels B a '^ is a corollary of the first relation from (49) for kernels B a ' 1 I 
with \P\ = 1. Therefore it suffices to prove conditions (49) for the original kernels B^{Q,z) 
satisfying conditions (40) and (41). 

We notice that since s (b^'jJ = for the original kernels we will omit it in our calculations. 

Second condition from (49) is always satisfied for the indices satisfying (40) as can be seen 
from the inequality 

1(B) + - (2n - k(B) - 2h(B)) (63) 



where we used relations 



>i(|J 8 | + m-|J 2 |-|J3|-|Jii|)>i 



|^l| + |<^3| + |^6|+^ + "l-"->0, 
6 

J2\Ji\=n-r-l, 
i=l 

\h\ + \Ja\ + \Ju\ <m-l 



for the multiindices of A*'^. 

Condition (63) is also satisfied for the indices satisfying (41) which follows from the inequality 

l(B) + ^(2n-k(B)-2h(B)) 
> - (1 + | J 8 | + m - \J 2 \ - | J 3 | - | Jul) > -, 

where we used relations 

\Ji\ + \J3\ + \Je\ + T + m - n > 0, 



^2 \Ji\ = n- r - 1, 
J2I + I J3I + I Jul <rn 



for the multiindices of 7*'^ . 



First condition from (49) is not satisfied for all kernels B d '- (£, z). But in the lemma below we 
prove that if it is not satisfied then the corresponding terms of the integral formula for R r (e) do 
not survive under the limit when e — > 0. This lemma is a simplified version of the lemma 4 in |P| . 
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Lemma 3.8. If 

then 



k(B) + h(B) - 1(B) >2n-m-l and s(B) = 



g(()c((,z,t)B^((,z)dt 



U(e)x[0,l] 



C(Ve-loge) • \\g\\ L a 



L°°(M) 



(M)- 



Proof. 

We use the inequality 

2n - m + Z(£) - fc(£) - h{B) > n - | Ji| - | J 2 | - | J 7 \ - 1 > 1, 
which is a corollary of the definitions of k(B), h(B) and and equality 



5>« 



n — r — 1. 



From the condition of the lemma and the inequality (64) we obtain 

k(B) + h(B) - 1(B) = 2n - m - 1 

and 

n — \ J\\ — | J2I — I J7I —1 = 1, 

which leads to 

\J\\ + |^2 1 = n — r — 1, |J 3 |=0, |J 6 |=0, \J 7 \=r-l, 

and hence to 

> I Ji\ + \ J 2 \ + IJ3I + \ Je\ + r + m- n = m - 1 > 1. 
Using lemma |3.6| in the estimate of the integral in lemma we obtain 

T.I 1 



\9\\l°°{m) 



(64) 



g(Qc(t,z,t)B x d ' (C,z)dt 

IU(e)x[0,l] J 

= blU-(M) • • O (2i {0, k(B),h(B), 0} (e, 1)) 
e /(B) . q ^ e 2n-m-k(B)-h(B) . Q Qg £ )2^j if k ^ > 2n - 2m, 

£ /(B) . q U2n-k(B)-2h(B))/2 . ]og £ \ if < 2n - 2m - 1. 

In the first subcase of the above we have the necessary estimate because of the inequality 
(64) and condition 1(B) > 1. In the second subcase we have the necessary estimate from the 
inequality (63) and again condition 1(B) > 1. □ 



This completes the proof of proposition 3.1 



4. Compactness of H r . 

From the definition of operator H r we conclude that in order to prove its compactness it 
suffices to prove compactness of each of the terms below 

dM$[(z)AR L r ($ L g)(z), $[(z) ■ R^ +1 (d M ^ /\ g)(z) and • H^ L g)(z). 

Compactness of the first two of these terms follows from the boundedness of operators R r 
proved in proposition and compactness of the embedding 

T p ' a (U) -» T P ' P (U) 



for q > [3 [Ad]. Another application of compactness of this embedding shows that compactness 
of the third term follows from the proposition below. 
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Proposition 4.1. Let 0<a<l,McG be a C°° regular q- concave CR submanifold of the 
form (1) and let g S r^°^(M) be a form with compact support in U = U flM. 
Then for r < q the operator H r , defined in (13) satisfies the following estimate 

II H r(s) Wy^+\u)< C '\\9 Hrf^(c/) (65) 



with a constant C independent of g. 



Proof. 

In our proof of proposition |4.1| we will use the approximation of H r by the operators 

*,mmm = (-.r|-2.prM« / M _ mm a J r (|||) a .(0 

when e goes to 0. 

Kernel of the operator H r (e) with the use of equalities (10) and (12) may be represented on 
U x U as 

where i is an index, J = Uf =1 Jj is a multiindex such that i J, d(j n(C, 2) and ^((,2) are 
smooth functions of z, £ and 6(C), and (^.'^(Ci- 2 ) and tpp J (C,z) are defined as follows: 



1 



*(C,*) 



E Det 



Q«F W , Q^d c F [j) , AA ■ <9, 



7 C a, 



(67) 



and 



JGJ3 ieJ4 



a • /j, u , a • /i r , AA ■ d z a, a ■ d z (AA), F ■ d z Q, Q ■ k 



4' J (c,z) 



*(c,zy 



x ^Det 



Aw(C), 



jeJ 2 



a^Ai, Q {j) d ( F {j \ AA ■ d c a, 



3&J3 je.J 4 



3&-h 



3&-h 



3&J7 j 6 J 8 



a • fi u , a ■ fi T , AA ■ d z a, a ■ d z (AA), F ■ d z Q, Q ■ k 



Aw(C). 



(68) 



Applying then (10) we conclude that (j) l r ,J {(,z) can be represented as a finite sum of the 
following terms with smooth coefficients in z and 9(C)- 



~5i) 



jeJ 2 



jeJ 3 jeJ 4 



4 ,J (C,2r) = • d^F A d^F^ A A AA ■ d^a Aa^ 




(69) 



A .4^4 ■ d z a Aa ■ d z (AA) A F ■ d z Q A k A dC 
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Similarly, ipp J (£,z) can be represented as a finite sum of the following terms with smooth 
coefficients in £, z and 0(C): 

# J (C, ^) = XTT^TFT • A d C FU) A A AA • d f a A a~7v A (70) 

Jg/s jeJe je- 7 " Jg j 8 ra-|Ji| 

AAA • <9 2 a Aa • d z (AA) AF ■ B Z Q A^hT A d( . 



As in the proof of proposition 3.1 we use estimates (37) for the terms of the determinants in 
(67) and (68) and obtain the representations 



a {itJ) {(,z)Ag(()A^ J {(,z) 
E HiAj}(C, *HC){ImF(C, Z)} T /Cj/' 5 ' T ' £) (C, z) 



|T|+|J3|<|J 8 |+1 



and 



b (lJ) ((,z)Ag{0A^y{(,z) 



= E C {W}(C, ^)ff(C){ImF(C ! z^K 1 }^^ 

\T\ + \E\<\.h\ 

Multiindices T and E in (71) are obtained from the decomposition 

{F(C,z)}^ 



E 



c { t,e, g ,h}(C, ^){imF(c, ^F'WO^K - *) G (C 



|T|+|E|+i(|G|+|ff|)=|J 7 |+l 
and multiindices Ii for z = 1, . . . , 5 and indices d, j in (71) satisfy the conditions below 

d = 0, 
j = n, 
\h\ = \E\, 

\h\ + \h\ = 3| J 2 \ + 3| J 3 | + 2| J 4 | + 3| J 5 | + 2| J 6 | + | J 8 | 
+2(|J 7 | + 1-|T|-|S|), 

| -^4 1 = 

\h\ = 0. 

Multiindices T and E in (72) are obtained from the decomposition 

(F(C,z)}W 

C { T,E,G,H}((> *HlmF(C, ^)} T {P(C)} i? (C " ^) G (C " Z) H 



E 



|T|+|S|+i(|G|+|H|)=|J 7 | 



(71) 



(72) 



(73) 
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and multiindices Ii for i = 1, . . . ,5 and indices d,j in (72) satisfy the conditions 
d = 0, 
3 = n, 
\h\ = \E\, 

\h\ + |/ 3 | = 3 + 3| J 2 \ + 3| J 3 \ + 2\ J 4 | + 3| J 5 | + 2| J 6 | + | J 8 | (74) 
+2(|J 7 |-|r|-|£;|), 

I -^4 1 = \Jl\i 

\h\ = 0. 



Using representations (71) and (72) we reduce the statement of proposition 4.1 to the same 
statement for each term 

of the right hand side of these representations. 



Proceeding then as in the proof of proposition 3.1 we reduce the problem to lemma |3/7| . To 
check applicability of lemma 3.7 we have to prove only the second condition of (49) for the 
kernels obtained from (j} l r ,J ((,z) and tpp J ((,z) and satisfying (73) and (74) respectively. The 
reason for that is that for these kernels we have k(B) < < 2n — 2m — 1 and therefore only the 
second condition of (49) is needed for application of lemma |3.6| . 

For multiindices satisfying (73) we have 

2n - k(B) - 2h(B) + 21(B) + 2s(B) 

= 2n + \I 2 \ + \I 3 \ -An + 2\T\ + 2\h\ + 2|J 4 | 

= |Ja| + I ^3 1 + 1^1 - \M > \Ji\ + \Ji\ + \Js\ -m + 1, 
where we used the inequality 

| J 1 1 + | Js | < fn — 1 . 

Therefore, if 

2n - k(B) - 2h(B) + 21(B) + 2s(B) < 

then 

\Jl\ + \M +\Js\ <m-l 

and hence 

I <^5 1 > n — r — 1 — | Ji \ — | J2 1 — I J3 1 > n — r — m > n — q — m, 

which is impossible. 

Analogously, for multiindices satisfying (74) we have 

2n - k(B) - 2h(B) + 21(B) + 2s(B) 

= 2n + \I 2 \ + \h\ - 4n + 2\T\ + 2\h\ + 2|J 4 | 

= IJ2I + 1^1 + IJ5I - l^sl + 1 > \-h\ + IJ2I + l^al - m + 1, 
where we used the inequality 

\Jl\ + Infill < Tn. 
The same arguments as above again show that 

2n - k(B) - 2h(B) + 21(B) + 2s(B) > 1. 

□ 



SHARP LIPSCHITZ ESTIMATES FOR OPERATOR d M 



2!) 



References 

[Ad] R. A. Adams, Sobolev Spaces, Academic Press, New York, 1975. 

[AH] A. Andrcotti, CD. Hill, E. E. Levi convexity and the Hans Lewy problem, I, II, Ann. Scuola Norm. Super. Pisa, 

26:2 (1972), 325-363, 26:4 (1972), 747-806. 
[AiH] R.A. Airapetian, G.M. Henkin, Integral representation of differential forms on Cauchy-Ricmann manifolds and the 

theory of CR functions, I, II, Russ. Math. Surv., 39 (1984), 41-118, Math.USSR Sbornik 55:1 (1986), 91-111. 
[AnH] A. Andreotti, CD. Hill, E. E. Levi convexity and the Hans Lewy problem, I, II, Ann. Scuola Norm. Super. Pisa, 

26:2 (1972), 325-363, 26:4 (1972), 747-806_. 
[Ba] M. Y. Barkatou, Optimal Regularity for §t on CR manifolds, Preprint, 1995. 

[BGG] R. Beals, B. Gavcau, P.C Greiner, The Green function of model step two hypoclliptic operators and the analysis 

of certain Cauchy-Ricmann complexes, Preprint, 1995. 
[B] A. Boggess, CR Manifolds and the Tangential Cauchy-Riemann Complex, CRC Press, Boca Raton, Florida, 1991. 
[FS] G.B. Folland, E.M. Stein, Estimates for the di, complex and analysis on the Heisenberg group, Comm. Pure Appl. 

Math. 27 (1974), 429-522. 

[HI] G.M. Henkin, The Hans Lewy equation and analysis on pseudoconvex manifolds, Math.USSR Sbornik 31 (1977), 
59-130. 

[H2] G.M. Henkin, Solution des equations de Cauchy-Ricmann tangcntielle sur les varietes de Cauchy-Riemann q- 

concaves, C. R. Acad. Sci. Paris, 292 (1981), 27-30. 
[H3] G.M. Henkin, The Method of Integral Representations in Complex Analysis, in Encyclopedia of Mathematical 

Sciences, volume 7, Several Complex Variables I, Springer- Verlag, 1990. 
[J] H. Jacobowitz, An Introduction to CR Structures, Math. Surveys and Monographs 32, AMS, Providence, Rhode 

Island. 

[K] J.J. Kohn, Boundaries of complex manifolds, Proc. Conf. Complex Analysis, Minneapolis 1964, Bcrlin-Hcidelberg- 

New-York, Springer Verlag, 1965, 81-94. 
[KR] J.J. Kohn, H. Rossi, On the extension of holomorphic functions from the boundary of a complex manifold, Ann. 

of Math. 81 (1965), 451-472. 

[Na] I. Naruki, Localization principles for differential complexes and its applications, Publ. Res. Inst. Math., Kyoto, 
ser. A, 8:1 (1972), 43-110. 

[P] P. Polyakov, Sharp estimates for operator 5m on a q-concave CR manifold, to appear in The Journal of Geometric 
Analysis. 

[Siu] Y.-T. Siu, The 8 problem with uniform bounds on derivatives, Math. Ann. 207 (1974), 163-176. 
[S] E.M. Stein, Singular integrals and estimates for the Cauchy-Ricmann equations, Bull. Amer. Math. Soc. 79:2 (1973), 
440-445. 

Department of Mathematics, University of Wyoming, Laramie, WY 82071 
E-mail address: polyakovSledaig.uwyo.edu 



